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Abstract 

Beam-like members sustaining the combined action of transverse load and membrane force exhibit a special load 
response to progressive deflection. A theoretical model is therefore developed to depict the resistance behaviours 
of clamped reinforced concrete (RC) beams observed in tests. The support-induced membrane effects are simu-
lated by a longitudinal spring and a rotational spring. The load responses to progressive deflection are obtained 
using the membrane approach, and the prediction accuracies of proposed method are validated by a series of four-
point bending tests on hybrid fibre reinforced-lightweight aggregate concrete (HFR-LWC) beam. It is illustrated 
that the bearing capacities of clamped HFR-LWC beam are significantly enhanced by the membrane effect. Ultimate 
load of the clamped beam ranges from 64.0 to 184.0 kN, and the larger bearing capacity compared with simply sup-
ported beam is obtained. An ultimate load of 1.85 to 5.31 times the yield line value is achieved, and thereby, the ulti-
mate resistance of the clamped beam might be seriously underestimated using yield line approach. A strong sup-
port constraint is beneficial for increasing the load-carrying capacity of clamped HFR-LWC beam, although the large 
longitudinal restraint stiffness would inevitably gives rise to brittle failure. The relative errors between predicted load 
and measured value are less than 7.23%, indicating that the presented model is a promising tool to estimate the ulti-
mate load of clamped beam-like member.

Keywords HFR-LWC beam, Membrane action, Bearing capacity, Prediction model, Experimental study

1 Introduction
Resistance function is essential for structural dynamic 
analysis. The resistance behaviours of RC beams or 
one-way slabs (i.e., beam-like members), as well as ana-
lytical methods, have caught great interest from peo-
ple involved in civil engineering during the 1940s and 
1960s. The yield-line theory proposed by Johansen (1962) 

in 1943 is a common and powerful tool to estimate the 
ultimate resistances of RC beam-like members and was 
subsequently explained and developed by other scholars 
(Gamble, 2000; Hognestad, 1953).

Generally, the yield line approach provides an ade-
quately accurate result for engineering applications 
(Park & Park, 1975). However, tests performed by Ock-
leston (1955) demonstrated that the bearing capacities 
of clamped slabs considerably exceeded those estimated 
using yield-line models (Wood et  al., 1970), which was 
later confirmed by many structural experiments (Brotchie 
& Holley, 1971; Park, 1964a, 1964b). It was found that the 
notable increases in resistance were raised by the mem-
brane effect, namely, a restraint to longitudinal move-
ment and edge-rotation given by the adjacent frame. 
Recently, the resistance behaviours of clamped mem-
bers have been studied intensively. The ultimate resist-
ances of a heated concrete floor slab under bending load 
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accompanying membrane action induced by restrained 
thermal expansion were analysed by Martin Gillie et  al. 
(2004). Bailey (2000, 2001) presented a new analytical 
approach to describe the behaviours of membrane action 
in lightly reinforced concrete slabs, and a simple design 
equation was also presented to predict the ultimate 
resistance of an unrestrained slab subjected to membrane 
action at large displacements. The tensile membrane 
action of lightly reinforced thin concrete slabs at large 
deflections was investigated by Burgess (2017), illustrat-
ing that the tensile membrane force acted as an enhance-
ment in fire conditions and substantially degraded the 
contribution of steel beams. The membrane actions in 
slabs of steel-structure buildings under fire conditions 
were investigated by Li et al. (2007). An improved model 
was proposed by Chen et al. (2014) to estimate the ulti-
mate resistance of flexibly supported RC members, and 
it was further used to depict the load responses of RC 
beams under dynamic loading. In addition, the contribu-
tions of membrane action on the load-carrying capacities 
of HFR-LWC beams were experimentally investigated 
by the author, demonstrating that the safety factor of 1.5 
to 2.0 recommended in the current design code was not 
reasonable (Chen et al., 2021). Apparently, the potential 
safety reserve in the existing design manuals must be re-
defined using membrane approach.

Seeking a new building material with high specific 
strength is the inevitable purpose of structure engi-
neering. Lightweight aggregate concrete (LWC) is a 
newly developed material because of its advantageous 
mechanical and physical properties (Zhou et al., 2016). 
Nevertheless, its popularization in civil engineering is 
limited by the lower tension-to-compression ratio and 
significantly poor ductility (Libre et  al., 2011; Wang 
& Wang, 2013). Fibres are commonly incorporated 
to improve the performance (i.e., ductility and tensile 
strength) of LWCs (Li et  al., 2017a; Mo et  al., 2017; 
Wang & Wang, 2013). The “hybrid effect” of various 
fibres on LWC was deeply explored (Hou et  al., 2007; 
Kayali et  al., 2003; Libre et  al., 2011; Pan et  al., 2011; 
Wang et  al., 2014), and the positive effect of hybrid 
fibres was quantitatively described. The hybrid effect on 
the toughness of pumice LWC raised by steel fibres and 
polypropylene fibres was investigated by Libre et  al. 
(2011). Additionally, the behaviours of Forta-Ferro and 
steel fibre-reinforced LWCs were studied by Nematza-
deh et al. (2017). With respect to structural component, 
Sabetifar et al. (2021) presented a semi-empirical model 
to estimate the ultimate shear capacity of steel fibre-
reinforced concrete beams using gene expression pro-
gramming technique. The flexural behaviours of bilayer 
steel fibrous concrete beams with GFRP rebars was 
experimentally inspected by Fallah-Valukolaee et  al. 

(2022), results showed that the flexural properties of 
concrete beams increased by adding 0.75% steel fibres. 
Nevertheless, per the same fibre ratio, bilayer fibrous 
beams had weaker flexural performance relative to one-
layer fibrous concrete beams. An extensive investiga-
tion was conducted for the combined effect of crumb 
rubber aggregates and steel fibres on shear behaviour 
of GFRP bar-reinforced high-strength concrete beams 
(Nematzadeh et  al., 2021). It was found that the steel 
fibres were more efficient in improving the beam shear 
behaviour at higher content of crumb rubber, such that 
they changed the cracking type and failure mode from 
shear to flexural. The feasibility of improving the flex-
ural performance of beams with lap-spliced bars after 
exposure to heat by incorporating hybrid steel-poly-
propylene fibres was studied by Hossain-Zada et  al. 
(2023), it is found that the addition of fibres improved 
the energy absorption and ductility of the heated and 
unheated specimens. Currently, LWC beams or one-
way slabs are widely used as frame members and bridge 
decks owing to their excellent specific strength, and 
longitudinal movement and edge rotation are pre-
vented by supports during service time. However, we 
lack knowledge about the resistance behaviours of 
HFR-LWC members accompanying membrane action. 
It is significant to reasonably estimate the ultimate load 
of clamped HFR-LWC beam and give an exact resist-
ance function for its practical application.

Although the factor relevant to membrane action can 
sometimes provide a conservative reference for engineer-
ing designs, membrane contribution can no longer be 
accepted as a safety reserve, and attention must be given 
to more precise definitions of the resisting mechanism. 
In this paper, the resistance behaviours of clamped HFR-
LWC beams are theoretically investigated, and the relia-
bilities and prediction accuracies of proposed method are 
well supported by the experimental studies conducted by 
author.

2  Load responses of Clamped Member
As shown in Fig.  1, the longitudinal elongation and the 
edge-rotation of clamped beam are restricted by the sup-
ports. The longitudinal force N and the resisting moment 
M associated with progressive deflection might result in 
complex failure mechanisms and considerable ultimate 
resistances over the yield line value (Chen et  al., 2020; 
Johansen, 2004; Krauthammer, 2008). Consequently, the 
clamped member would experience a special deflection-
dependent load response to its collapse, as described by 
the author in Chen et al. (2021), including a compressive-
membrane stage and a tensile-membrane stage, as dis-
played in Fig. 2.
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3  Resistance Model of Clamped RC Beam
Longitudinal elongation and edge-rotation of beam-like 
members are prevented by the supports with compara-
ble stiffness, resulting in a notable resistance increase and 
special failure mode compared with simply supported 
beams (i.e., membrane effect) (Qian & Wang, 2009). The-
oretically, the clamped beam can be regarded as a simply 
supported beam with a flexible constraint (Chen & Guo, 
2010). Generally, the flexible constraint is character-
ized by a longitudinal spring and a rotational spring (see 
Fig. 3), where q is the transverse load, l is the half-span of 
the beam, Sn is the longitudinal restraint stiffness, and Sm 
is the rotational restraint stiffness.

Usually, as shown in Fig.  4a, the clamped beam col-
lapses with three plastic hinges at a full span (Krau-
thammer, 2008): two plastic inflections form at the 
supports, followed by a mid-span plastic inflection as 
the external load continues. Therefore, the collapsed 
beam is composed of two straight rigid bodies con-
nected by the mid-span plastic inflection (Park, 1964b). 
As shown in Fig.  4b, a half-span span of beam AB is 

taken as the analysis segment. The geometric equation 
of global deformation for segment AB can be expressed 
as:

where f  is the deflection of mid-span Section B; � is the 
horizontal movement of Section A; ε is the average com-
pression strain of segment AB; δA and δB are the horizon-
tal movements of Sections A and B detaching from their 
original position, respectively; θA and θB are the average 
rotation angles of Sections A and B, respectively; θs is the 
rotation angle of flexible support; and α is the angle of 
neutral axis between deformed segment and its original 
position.

A reduction factor is introduced to account the 
decrease in section height owing to the top crushed 
concrete (Shen et al., 1993). There are δA = ηAhθA and 
δB = ηBhθB , and then Eqs. (1a, 1b, 1c) can be re-written 
as:

(1a)(l − δA − δB +�)2 + f 2 = [(1− ε)l]2

(1b)f = αl

(1c)α = θA + θs = θB

Fig. 1 Schematic of clamped member
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where h is the original height of the cross-section.
It is well known that the resisting moment of Section A 

can be expressed as:

where lAp =

[

1− 0.5
(

ρ − ρ′
) fy
fc
− 0.5 N

fcbh
A
0

]

· hA0  is the 

equivalent length of plastic inflection at Section A sug-
gested by Zhu et  al. (1985). The support-induced mem-
brane action (N and M) at Section A can be derived by:

where Sn =
[

bhi + αE
(

As + A′
s

)]

Ec/l ; Sm = 1/

(

1

Nl
 − lAp

EcI

)

 ; 

k = lAp Sm/EcI + 1 ; bhi + αE
(

As + A′
s

)

 is the equivalent 
compression area of cross-section; αE = Es/Ec ; Ec and Es 
are the elastic modulus of concrete and reinforcement, 
respectively; A′

s and As are the section areas of reinforce-
ment in compression and tension zones, respectively; b is 
the section width; hA0  is the effective height of Section A; ρ 
and ρ′ are the reinforcement ratios in tension and com-
pression zones, respectively; fy is the yield strength of 
reinforcement; fc is the compressive strength of concrete; 
hi = h−�h is the current section height and �h is the 
crushed height of cross-section.

As depicted in Fig.  2, the load responses will experi-
ence a fluctuating path to the catastrophic collapse of 
the structural member. The stress–strain relationship 

(2)
(

ηA + ηB
)

h
f

l
− ηAhθs =

f 2

2l
+ εl +�

(3)MA
=

EcIθA

lAp

(4a)N = � · Sn = εl · Sn

(4b)MA
= θs · Sm =

f

lk
· Sm

of the cross-section can be artificially divided into two 
stages (see Fig. 5): (i) the stress–strain distribution obeys 
Hooke’s law, and a triangle stress distribution is achieved 
for concrete in the compression zone; (ii) reinforcing bars 
in both the tensile and compression zones yield as the 
load continues, and an equivalent rectangular stress dis-
tribution is suggested.

For state I displayed in Fig.  5a and c, the resisting 
moment of the cross-section can be written as:

where ξn =

√

√

√

√

[

αE
(

ρ + ρ′
)]2

+ 2

[

αE
(

ρ + ρ′ a
′

h0

)

+
N

ϕEcbh20

]

− αE
(

ρ + ρ′
) 

is the height coefficient of the compression zone; 
ϕ = ξnh0εc.

A plastic inflection with certain length forms at the 
mid-span as deflection progresses, and the height of 
compression zone is given by:

Similarly, the resisting moment of the cross-section for 
state II shown in Fig. 5 (b) and (c) can be obtained by:

The deflection increases rapidly as plastic inflections 
develop. The bottom of Section A is compressed while 
the top is tensioned owing to the constraints of the 
clamped support, which is contrary to that obtained in 

(5)

MR = 0.5ξ2nh
2
0bEcϕ

(

h
2
−

ξnh
3

)

+ A′
s
(

ξnh0 − a′
)

Esϕ
(

h
2
− a′

)

+ As(1− ξn)h0Esϕ
(

h
2
− a

)

(6)x = ξnh0 =

N
b
+ ρfyh0 − ρ′f ′y h0

fc

(7)MR = bfcξnhi
hi − ξnhi

2
+ f ′yA

′
s

(

hi
2

− a′
)

+ fyAs

(

hi
2

− a
)

(a) (b) (c)
Fig. 5 Stress–strain distribution: a state I; b state II; c strain distribution
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Section B. Consequently, the upwards movement of the 
neutral axis at Sections A and B can be derived by substi-
tuting Eq. (6) into ηh = 0.5h− ξnh0 . Emphatically, a cor-

rection factor of lBp =

[

1− 0.5
(

ρ − ρ′
) fy
fc
− 0.5 N

fcbh
B
0

]

· hB0 

is employed to express the equivalent length of plastic 
inflection at Section B (Zhu & Dong, 1985). The effective 
height of the cross-section can be derived by:

The resisting moments of Sections A and B are given as 
follows:

Commonly, the membrane action is a deflection-
dependent load for clamped beam-like members. Con-
sequently, the differentiation of the in-plane force with 
respect to deflection can be achieved as follows by substi-
tuting Eq. (4a) into Eq. (2).

where NA = N

bhAi
 ; NB = N

bhBi
 ; ZA = ρAfy − ρA′

f ′y  ; 

ZB = ρBfy − ρB′ f ′y  and t = l
[bh+αE(As+A′

s)]Es
.

As shown in Fig.  6, the ultimate resistance of the 
clamped beam under concentrated loading using mem-
brane approach can be estimated by:

where l1 is the distance between the concentrated load 
and Section A. For a simply supported beam, however, 
the ultimate resistance can be obtained as follows using 

(8a)ηAh = 0.5h−

(

N

bhAi
+ ρAfy − ρA′

f ′y

)

hAi
fc

(8b)ηBh = 0.5h−

(

N

bhBi
+ ρBfy − ρB′ f ′y

)

hBi
fc

(9a)

MA
R = bfcξAn hAi

h− ξAn hAi
2

+ f ′yA
′
s

(

h
2
− a′

)

+ fyAs

(

h
2
− a

)

(9b)

MB
R = bfcξBn h

B
i
h− ξBn hBi

2
+ f ′yA

′
s

(

h
2
− a′

)

+ fyAs

(

h
2
− a

)

(10a)
dN

df
=

(

ηA+ηB
)

h
l
−

ηAh
lk

−
f
l

l

[bh+αE(As+A′
s)]Ec

+ 1
Sn

(state I)

(10b)

dN
df

=

h−

(

NA
+ ZA

) hAi
fc −

(

NB
+ ZB

) hBi
fc − f







(

0.5h−hAi
NA+ZA

fc

)2

Sm + t + 1
Sn






l

(state II)

(11)q =
MA

R +MB
R − Nf

l1
=

MA
R +MB

R −
f
lk
· Sm

l1

the yield line approach recommended by Johansen 
(2004).

As shown in Eq.  (12), apparently, the ultimate load of 
the simply supported beam is an invariant value, which 
is relevant to the section dimension, reinforcement ratio 
and concrete strength but independent of the restraint 
stiffness of the support.

4  Model Validations
Familiarly, bending experiments are the popular and 
robust approach to examine the load response of beam-
like members. Four-point bending tests based on orthog-
onal experimental theory have been conducted to inspect 
the impacts of deferring factors (including fibre content, 
reinforcement ratio and rod configuration) on the bear-
ing capacities of clamped HFR-LWC beams (Chen et al., 
2021), where the membrane contributions on ultimate 
resistance were intensively discussed.

To clarify this investigation, the experimental results 
previously provided by the author are cited to support 
the reliability and prediction accuracy of the proposed 
model. Emphatically, the information of specimen fabri-
cation, test cases, measurement arrangement and failure 
appearances are slimmed down and highlight the novelty 
of this work. The cracking loads and the ultimate loads 
given by Chen et al. (2021) are listed in Table 1, in which 
the longitudinal restraint stiffness and rotational restraint 
stiffness for various rod configurations can be achieved 
by the published Eqs. (5) and (8a, 8b), respectively.

The cracking load and ultimate load are both impor-
tant characteristic values for the load response of a 
beam-like member. The ultimate load-to-cracking 
load ratio is extremely valuable for assessing the duc-
tility behaviour of the post-cracking branch. A larger 
ultimate load-to-cracking load ratio means that the 

(12)qy =
Asfy

(

h0 − 0.59As
fy
fc

)

l1

q
A

B

N

N

AV
A
RM

B
RM

f

1l

l

Fig. 6 Analytical model for half-span of the beam
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structural member has better energy-absorption capac-
ity and crack-resistance before its entire collapse. Dif-
ferent constraint strengths are achieved by altering the 
rod configurations in this paper. As previously con-
firmed (Chen et  al., 2021), emphatically, the ultimate 
loads of the clamped beam would decrease somewhat 
owing to the participation of rod-③. A further inves-
tigation into the resistance contributions of the mem-
brane effect found that the longitudinal force with rod 
configuration ①③ is diminished by 20% due to the 
decrease in rotational restraint stiffness. Accordingly, a 
reduction coefficient of 0.8 is reasonably suggested to 
consider the weakening effect of rod-③ on rotational 
restraint stiffness. The cracking loads and ultimate 
loads of ten specimens are summarized in Table  1. A 
deep inspection into the crack pattern indicates that 
beams A23, A53, A67 and A61 collapse with numer-
ous bending cracks and several shear cracks, accom-
panied by a bursting noise lasting for a period of time 
(Chen et  al., 2021). Bending failures are first observed 
in the tested beams, followed by bending-shear failures. 
The ultimate loads of beams A23, A53 and A61 are 
up to 184.0  kN, 168.0  kN and 194.0  kN, increasing by 
480.44%, 364.09% and 280.39% compared with beams 
A22, A63 and A62, respectively. The larger ultimate 
load-to-cracking load ratios (ranging from 4.20 to 5.75) 
of the above beams than those of the other specimens 
illustrate that they collapse in a ductile manner, which 
can be well confirmed by the failure photos displayed 
in the (Chen et  al., 2021). These phenomena illustrate 
that a stronger support constraint would give rise to a 
larger stress gradient near the beam ends and result in 
bending-shear failures. The ultimate load-to-cracking 
load ratio in beams A53, A66 and A64 demonstrates 
that the ductility of the clamped beam increases as the 
distance from the tie rod to the neutral axis decreases, 

because the additional moment raised by longitudinal 
force is diminished by the reverse moment (i.e., the 
moment generated by rotational constraint). A larger 
ultimate load-to-cracking load ratio of 3.87 in beam 
A67 than 2.66 in beam A64 indicates that the tough-
ness of the tested beam is further enhanced due to the 
participation of rod-①. In addition, the comparison of 
beams A53 and A67 indicates that the participation of 
rod-③ results in a slight increase in bending cracks and 
an evident decrease in ultimate resistance. The ultimate 
load-to-cracking load ratios of beams A22, A63 and 
A62 are only 1.86, 2.26 and 2.12, respectively, mean-
ing that they have experienced a slight plastic deforma-
tion to their collapses. However, the ultimate load of 
beams A22, A63 and A62 decreases by 303.9%, 242.5% 
and 280.4% in comparison with beams A24, A67 and 
A62, respectively, indicating that the simply supported 
beam has a significantly lower load-carrying capac-
ity compared with the clamped beam and undergoes a 
short path from the cracking load to its collapse. The 
pure bending failures with no spalled concretes at the 
top depicted in Chen et  al. (2021) illustrate that more 
energy is absorbed before collapse, which is quite dif-
ferent from that in clamped beams. It can be concluded 
that the bearing capacities of clamped beams can be 
significantly enhanced by membrane action, and simul-
taneously, the ductility would be improved greatly, 
especially for beam members with strong rotational 
restraint stiffness.

(1) Resistance contributions of the boundary constraint

The results obtained by bending test and proposed 
model are both summarized in Table  2, in which the 
theoretical values are derived using Eqs. (11) and (12), 
respectively. In which, the resistance contributions of the 
membrane effect are scaled by the ratio of the ultimate 
load-to-yield line value.

Currently, there are no theoretical formulas can be 
used to estimate the compressive strength of LWC rein-
forced with two or more types of fibres. Libre et al. (2011) 
stated that polypropylene fibres exhibited similar effects 
on the pre-cracking behaviour of HFR-LWC compared 
with steel fibre. Therefore, the existing formula for steel 
fibre-reinforced LWC is employed to predict the com-
pressive strength of polypropylene fibre reinforced-LWC. 
The empirical formula concerning enhancement coef-
ficient, fibre content and aspect ratio recommended by 
Ye et al. (2020) is utilized to determine the compressive 
strength of HFR-LWC:

Table 1 Test results

q′e is the experimental cracking load, and qe is the experimental ultimate load.

Beam ID Sn(N/mm) Sm(N mm/rad) q′e(kN) qe(kN) qe/q
′

e

A23 2AEs

/

L 8AEsd
2
/

L 32 184.0 5.75

A24 4AEs

/

L 6.4AEsd
2
/

L 24 128.0 5.33

A22 0 0 17 31.7 1.86

A53 2AEs

/

L 8AEsd
2
/

L 40 168.0 4.20

A66 2AEs

/

L 2AEsd
2
/

L 28 103.0 3.67

A64 2AEs

/

L 0 24 64.0 2.66

A67 4AEs

/

L 6.4AEsd
2
/

L 32 124.0 3.87

A63 0 0 16 36.2 2.26

A61 4AEs

/

L 6.4AEsd
2
/

L 36 194.0 5.38

A62 0 0 24 51.0 2.12
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where αc is the enhancement coefficient and set as 0.352; 
ϕf  is the fibre content; lf /df  is the aspect ratio; f ′c  is the 
compressive strength of LWC and the subscript i repre-
sents the fibre type. A compressive strength of 45.55 MPa 
is achieved using Eq.  (13), which is slightly smaller than 
the measured value of 47.97  MPa because the hybrid 
effect of fibre is not reasonably considered in the formula.

The results listed in Table  2 indicate that the yield 
line capacities conform well to the experimental results 
of simply supported beam. A relative error of less than 
2.0% between the yield line value and measured result is 
achieved, and thus, the relative ultimate load (defined as 
the ratio of the experimental ultimate load-to-yield line 
value ( qe/qy ) and theoretical ultimate load-to-yield line 
value ( qt/qy ) is reasonably employed to scale the resist-
ance contributions of the membrane effect. Generally, 
the bearing capacities accompanying membrane action 
are obviously above the yield line values, with qe/qy rang-
ing from 1.85 to 5.31 and qt/qy ranging from 1.78 to 4.93. 
In addition, the theoretical ultimate loads show remark-
ably good agreement with those of the bending test. The 
relative errors between the predicted load and measured 
value varying from 1.25 to 7.23% illustrate that the bear-
ing capacities of the clamped beam can be estimated with 
a high level of accuracy. The deflection-hardening behav-
iours of the fibrous beam due to the addition of hybrid 
fibre are ignored in the analysis, which would lead to a 
slight discrepancy in the relative value between the theo-
retical model and bending test. The comparisons listed 
in Table  2 verify that the ultimate loads are intimately 
correlated to the rod configuration. Basically, a larger 
combined stiffness would result in a higher ultimate 
resistance. It is also found that the discrepancies in the 
ultimate load between the clamped beam and reference 

(13)fc =

(

1+

2
∑

i=1

αciϕfilfi

dfi

)

· f ′c

beam tend to be apparent with peak deflection, illustrat-
ing that a larger deflection is conducive to the develop-
ment of membrane action.

With respect to deflection, it is clear that the peak 
deflections of the reference beam increase greatly in com-
parison with the clamped beam. An increase of 147.30%, 
278.94%, and 139.13% for the plain beam, fibrous beam 
with a reinforcement ratio of 0.28% and fibrous beam 
with a reinforcement ratio of 0.42%, respectively, is 
shown in Table 2. It can be concluded that the structural 
ductility would be diminished to a certain extent by the 
membrane effect, especially the longitudinal force pro-
duced by the rod combination ③. The reasons might be 
that the strong constraints of the clamped support give 
rise to a rapid climb of the bearing capacity but inevitably 
lead to sudden bending failure and even bending-shear 
failure if the deflection exceeds a certain value owing to 
the great stress gradients caused by the p−Δ effect (i.e., 
additional bending moment).

(2) Comparisons of applied load–deflection curves

Membrane action is activated by the boundary con-
straint associated with progressive deflection throughout 
the load-response stage. To quantitatively distinguish the 
discrepancies in resistance behaviour between the mem-
brane approach and yield line approach, the variations of 
applied load versus deflection are discussed in this sec-
tion. The applied load–deflection curves achieved by the 
proposed model and bending test are displayed in Fig. 7, 
where q/qy denotes the ratio of the ultimate load-to-yield 
line value, and f

/

h is the relative deflection. All applied 
loads are greater than 1.0 when the deflections exceed 
a certain value, meaning that the membrane action is 
activated and has noticeable contributions to the ulti-
mate resistance of tested beam. Generally, an ultimate 
load of 1.85 to 5.31 times the yield line value is obtained, 

Table 2 Comparisons of theoretical value and experimental result

qe is the experimental ultimate load; qt is the theoretical ultimate load; qy is the yield line value; f  is the peak experimental deflection and h is the section height.

Beam ID Reinf. ratio (%) Rod-config qe(kN) qt(kN) qy(kN) qe/qy qt/qy f (mm) f
/

h

A23 0.28 ① 184.0 170.7 34.63 5.31 4.93 14.5 0.073

A24 0.28 ①③ 128.0 126.4 34.63 3.67 3.65 7.4 0.037

A22 0.28 none 31.7 34.63 34.63 0.92 1.00 18.3 0.092

A53 0.28 ① 168.0 165.6 34.65 4.85 4.78 7.8 0.039

A66 0.28 ② 103.0 99.1 34.65 2.97 2.86 7.6 0.038

A64 0.28 ③ 64.0 61.7 34.65 1.85 1.78 10.7 0.054

A67 0.28 ①③ 124.0 121.6 34.65 3.58 3.51 17.3 0.087

A63 0.28 none 36.2 34.65 34.65 1.04 1.00 28.8 0.144

A61 0.42 ①③ 194.0 187.4 51.92 3.74 3.61 9.2 0.046

A62 0.42 None 51.0 51.92 51.92 1.00 1.00 22.0 0.117
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Fig. 7 Variations of applied load versus deflection
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illustrating that the yield line approach will significantly 
underestimate the ultimate resistances of clamped 
beams. It is evident that the model predictions conform 
to the experimental results (either relative load or relative 
deflection) during the entire loading process. Neverthe-
less, a further analysis indicates that qe

/

qy is larger than 
qt
/

qy in the range from 0.5 to 7.7%. This phenomenon 
might result from the discrepancies in the material prop-
erties between the HFR-LWC and LWC, i.e., the post-
cracking behaviour and deflection-hardening effect of the 
HFR-LWC are not considered in the theoretical analysis. 
In fact, the post-cracking behaviour of plain LWC can 
be enhanced by fibre addition. The interlocking effect of 
coarse aggregate and the bridging effect of hybrid fibre 
are significantly enhanced by membrane action, which 
also aids in increasing the response limit of the beam. 
The presence of hybrid fibres is helpful for stitching the 
macrocracks in the beam and permits the member to 
fail with fibre pull-out. Usually, the deflection-hardening 
behaviour can be observed in fibre-reinforced concrete 
if the first-peak strength is lower than the peak strength 
(Li et  al., 2017b). Nevertheless, it is considerably diffi-
cult to distinguish the first peak point for materials with 
stable deflection-hardening behaviour, as stated by Kim 
et  al. (2008). The first peak point is represented by the 
first cracking point in the current analysis based on the 
suggestions of Kim et al., (2008). Fig. 7 indicates that the 
first crack point of the tested beam increases greatly with 
the restraint stiffness of clamped support. However, the 
initial cracking point would experience a shorter path to 
the peak point with longitudinal restraint stiffness, illus-
trating that the membrane effect will result in a reduction 
of deflection-hardening behaviour. The ascending slope 
of the load‒deflection curve increases with the distance 
from the tie rod to the neutral plane owing to the strong 
rotational restraint stiffness. Moreover, the descending 
branches of the load‒deflection curve become smoother 
than those of the plain beam shown in Fig. 7. It is indi-
cated that the fibre pulling-out failure aids in increasing 
the post-ductility performance of tested beam. In addi-
tion, a sudden truncation in the post-peak branch of the 
load–deflection curve is observed in Fig. 7b and f, mean-
ing that the beam is collapsed in a brittle manner, which 
is also confirmed by the tensile force–deflection relation-
ships. The inflated areas under the load–deflection curve 
of beams A23 and A67 demonstrate that much energy is 
absorbed by the pulling-out of the hybrid fibre before the 
specimen collapses.

5  Impacts of Membrane Action
The impacts of membrane action on the load 
responses of clamped HFR-LWC beams are investi-
gated. It is well known that the membrane effect is a 

deflection-dependent action induced by clamped sup-
ports. The variations of longitudinal force (i.e., tensile 
force) versus relative deflection (a ratio of deflection-to-
height) based on Eqs. (10a, 10b) are displayed in Fig. 8, in 
which the measured curves are also given. It is clear that 
the tensile forces obtained by the theoretical approach 
exhibit similar trends to those derived by the four-point 
bending tests. The maximum relative errors for the peak 
tensile force and corresponding deflection are only 9% 
and 19%, respectively. The high accuracy of the proposed 
model is validated by the good agreement between the 
model predictions and experimental results. Gener-
ally, the peak deflections of the fibrous beam are slightly 
underestimated by the theoretical approach if rod-③ is 
taken into account. The reasons might be that rod-③ 
produces a p-Δ effect on the beam at a larger deflection, 
which results in an additional deflection. The deflec-
tion increases linearly with tensile force before its peak 
value is reached. Moreover, the stronger the constraint 
strength is, the larger the slope of the tensile force–
deflection curves. For example, the growth rate of the 
tensile force in beam A64 is smaller than that in beam 
A53 because only the outwards movement of beam A64 
is prevented. Unlike beam A53, it is constrained by the 
in-plane force and resisting moment simultaneously. The 
gradual descending branches in the tensile force–deflec-
tion curves indicate that the tested beams collapse in a 
ductile manner. However, the sudden truncations in the 
descending branches of beams A24 and A67 demonstrate 
that they exhibit relatively poor ductile behaviour com-
pared with clamped beams without rod-③.

An intensive investigation into the membrane contri-
bution to the ultimate resistance of the HFR-LWC beam 
is given in Table  3, in which the membrane action is 
separated into N and M. It is evident that the predicted 
deflections exhibit similar longitudinal force and resist-
ing moment dependencies as the experimental results. 
The largest relative deflection is achieved for beam A64, 
the beam with rod configuration ③. However, the rela-
tive deflection decreases rapidly as the resisting moment 
increases and reaches a minimum value for beam with 
rod configuration ①. The relative deflection of beam A67 
increases slightly compared with beam A53 in both the 
predicted value and measured result, indicating that the 
participation of rod-③ seemingly produces a “negative” 
effect on the structural deflection response.

Fig.  9 shows that for a given fibre content and rein-
forcement ratio, the relative deflection of the beam tends 
to decrease significantly with the resisting moment. 
Nevertheless, this tendency is observed for beams with 
differing longitudinal forces, even if the relative deflec-
tion increases with the longitudinal force for the HFR-
LWC beam with a similar resisting moment if rod-③ 
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Fig. 8 Variations of tensile force versus deflection
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participates in the rod configuration. This phenomenon 
demonstrates that the rotational restraint stiffness has a 
decisive effect on the deflection response of the beam, 
and the smallest deflection is achieved for a beam with 
rod configuration ① because the “inverted arch” effect, 
produced by the resisting moment, has a considerable 
effect on the deflection of the clamped beam and might 
never be surpassed by the p-Δ effect induced by the lon-
gitudinal force in certain conditions.

6  Conclusions
The resistance behaviours of HFR-LWC beam accom-
panying membrane action are theoretically investigated, 
and the reliabilities and prediction accuracies of pro-
posed model are supported by experimental results. The 
following conclusions can be drawn:

(1) The membrane effect is a combined action of the 
in-plane force and the resisting moment raised by 
clamped supports. The ultimate resistances of the 

clamped beam can be significantly enhanced by the 
membrane effect, but simultaneously, the ductility 
would be diminished greatly, especially for a struc-
ture with a strong longitudinal constraint.

(2) The relative loads exceed 1.0 when the deflections 
increase to a certain value, meaning that the mem-
brane actions are activated and significantly con-
tribute to the ultimate resistance of the HFR-LWC 
beam at large deflection. An ultimate load of 1.85 to 
5.31 times the yield line value is generally achieved.

(3) The relative errors between the predicted load and 
the measured value vary from 1.25% to 7.23%, illus-
trating that the bearing capacities of the clamped 
beam can be estimated with a high level of accu-
racy. The proposed model is capable of predicting 
the ultimate load of HFR-LWC beams accompany-
ing membrane action and enriches the analytical 
model of RC member.

(4) The resistance behaviours of HFR-LWC beam 
accompanying membrane action can be well 
depicted by the presented model. It is also suitable 
for the normal concrete beam with similar bound-
ary constraints and applied loads, and thus pre-
sents a promising approach to estimate the bearing 
capacity of beam-like member in real-world situa-
tions.
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