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In a previous study, a new model (Generalized Softened Variable Angle Truss Model—GSVATM) was proposed to
compute the global behavior of reinforced concrete beams under torsion, including for low loading stages. In this
article, the GSVATM is extended to cover prestressed concrete (PC) beams under torsion, with longitudinal and uni-
form prestress. The changes in the GSVATM, in order to include the influence of the initial stress state due to prestress,
the contribution of the prestress reinforcement after the decompression of concrete and the constitutive laws for
prestress reinforcement, are presented, as well as the solution procedure. The theoretical predictions of the extended
GSVATM are compared with experimental results of PC beams under torsion, where good agreement is observed

in terms of stiffness, transition from the non-cracked stage to the cracked stage and also in terms of the maximum
torque. It is also shown that when compared with the predictions of some codes of practice, namely for the cracking
and ultimate torque, the estimates from the GSVATM are in general more accurate.

1 Background

Since the last century, the Space Truss Analogy (STA) has
been one of the most comprehensive and used analytical
tools to model the behavior of reinforced concrete (RC)
beams under torsion. Nowadays, it constitutes the basis
of several codes of practice, namely the American Code
(since 1995) and the European Model Code (since 1978).

Since its first version proposed in the beginning of the
last century, the STA for RC beams under torsion has
undergone several developments, mainly in the last three
decades. For the sake of this article, some of the recent
developments are referred below.

Based on previous developments of the STA, namely
the incorporation of a variable angle for the direction of
the principal compressive stresses for concrete, Hsu and
Mo (1985a, b) proposed the Variable Angle Truss Model
(VATM). This model aimed to unify the torsional design
of beams with small and large cross sections, as well as
RC beams and beams with longitudinal and uniform
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prestress, that is, prestressed concrete (PC) beams. In the
VATM, the conventional stress (o)—strain (g) relation-
ship for uniaxial compressive concrete was substituted
by a smeared softened o—e relationship to account for the
softening effect (influence of the diagonal cracks due to
the perpendicular tensile stresses). VATM proved to give
good results for the ultimate torsional behavior of RC and
PC beams (Hsu and Mo 1985a, b). This is because VATM
neglects the concrete tensile strength and also the influ-
ence of the concrete core for plain beams, so this model
approaches the real model only for high loading stages
(Hsu and Mo 1985a, b; Bernardo et al. 2012a). Further
studies also shown that the o—e¢ relationships used to sim-
ulate the behavior of the materials constitute also a very
important factor for VATM to be able to provide accu-
rate predictions for high loading stages, both for RC and
PC beams under torsion (Bernardo et al. 2012a; Bernardo
and Andrade 2017).

In general, the VATM provides a simple physical
understanding of the torsional behavior of structural
concrete beams after cracking. For this reason, since
1985 refined versions of the VATM have been proposed
for RC and PC beams under pure torsion (Rahal and Col-
lins 1996; Bhatti and Almughrabi 1996; Wang and Hsu
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1997), for RC beams under torsion combined with other
internal forces (Silva et al. 2017; Greene and Belarbi 2009;
Rahal and Collins 2003; Taborda 2017) and also for RC
beams under torsion with axial restriction (Bernardo
et al. 2015a, b). Additional and more advanced analyti-
cal models, not directly based on the STA, have also been
proposed in previous studies, including for beams under
combined loading with torsion, for instance (Alnauimi
and Bhatt 2004; Bairan Garcia and Mari Bernat 2007;
Karayannis 2000; Karayannis and Chalioris 2000). Other
models combining two different models to predict the
pre-cracking and the post-cracking stages of RC beams
under torsion have been also proposed (Bernardo and
Lopes 2008, 2011). The authors justify this methodol-
ogy because experimentally it is clearly observed that the
torsional behavior of a RC beam is very different before
and after cracking. This observation reveals that a differ-
ent load resisting mechanism exist in each case. Despite
of the good predictions with such models, the referred
methodology to build a theoretical model cannot be con-
sidered theoretically satisfactory, because a model mainly
based on a single theory would be preferable.

When compared with many of the previously referred
alternative models, it can be easily stated that both math-
ematical approach and solution procedure for VATM
are much simpler. Furthermore, many of the previously
referred models are only able to compute accurately the
ultimate torsional behavior of RC beams. Nowadays, it is
recognized that good predictions for low loading stages
are also very important if one want to check the deforma-
tion of the beam and the stress/strain levels in the mate-
rials for the serviceability limit states. Design rules from
codes of practice usually include such requirements.

Nowadays, prestress is widely used in many struc-
tural members, including in RC beams under high tor-
sional loading. Prestress induces a compressive stress
state in the concrete, which is combined with the shear
stress induced by torsion. This biaxial stress state allow
for a larger area of the concrete cross section to be effec-
tive. As a consequence, prestress increases the crack-
ing torque, the torsional stiffness and also the torsional
strength of the beams.

From the above reasons, new reliable and consistent
analytical models are still need to predict accurately de
global behavior of structural concrete beams under tor-
sion, including for PC beams and for low loading stages.
For this, some models based on the STA were refined
and proposed to include the tensile concrete strength.
Jeng and Hsu (2009) and Bernardo et al. (2012b, 2015a)
extended, respectively, the Softened Membrane Model
(SMM) (Hsu and Zhu 2002) and the VATM to RC beams
under torsion. These analytical models, called Softened
Membrane Model for Torsion (SMMT) (Jeng and Hsu

2009), Modified Variable Angle Truss-Model (MVATM)
(Bernardo et al. 2012b) and Generalized Softened Vari-
able Angle Truss-Model (GSVATM) (Bernardo et al.
2015a), are able to predict the entire torque (Mr)—twist
(#) curve of RC beams under torsion for all the load-
ing stages. Among the previously referred models, the
SMMT and the GSVATM are considered theoretically
more consistent because they are based is one unique
theory. The theoretical predictions from both models
where shown to be in good agreement with the test data
of RC plain beams under torsion, namely in terms of tor-
sional stiffness, transition from the non-cracked stage
to the cracked stage and also in terms of the maximum
(resistance) torque.

Jeng et al. (2010) and Rodrigues (2011) extended suc-
cessfully the SMMT for PC plain beams under torsion.
More recently, both SMMT (Bernardo et al. 2013; Jeng
2015) and GSVATM (Vaz 2014) were also refined to
provide good results for RC hollow beams under tor-
sion. Good agreement with experimental data where also
observed.

As previously referred, VATM is recognized as an
analytical model which provides a simple physical
understanding of the torsion phenomenon for struc-
tural concrete beams under torsion. The mathematical
approach and the solution procedure is easy to under-
stand and also to implement. GSVATM constitutes an
extension of the VATM by including the additional con-
tribution of the tensile concrete (concrete ties) in the
perpendicular direction to the concrete struts. For this
reason, when compared with SMMT which constitutes
an extension of the SMM (Hsu and Zhu 2002), the math-
ematical treatment and the solution procedure is less
complex.

Based on the foregoing, in this study, the GSVATM is
extended to cover PC concrete beams under torsion. Uni-
form longitudinal prestressed is assumed since this con-
stitutes the logical solution for beams under pure torsion,
as also assumed in previous studies (Hsu and Mo 1985b;
Jeng et al. 2010). The changes in the original GSVATM
formulation and solution procedure are presented. The
predictions obtained from the extended GSVATM are
compared with experimental results of reference PC
beams under torsion, which results are available in the
literature. The comparative analysis is focused on the
M1 —0 curves, namely for the cracking and ultimate key
points.

Finally, it should be pointed that this study deals with
a nonlinear analytical model (GSVATM) extended from
the VATM and STA, which aims to predict the global
behavior of PC beams under torsion. The interaction
between torsion and prestressing effects is considered
from the beginning of the calculation procedures, until
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Table 1 Equilibrium and compatibility equations from GSVATM for RC beams (Bernardo et al. 2015a).

Plain truss analogy for a RC thin beam under shear:

R=+VC2+T2 (1)
B =arctan(T/C) (2)
y=a+p (3

C=o5td,cosa (4)
T =oftdysina (5)

Space truss analogy for a RC box beam under torsion:
Equilibrium equations:
My = 2A0Rsiny )

t = Agfa cosp
c 05po COS COSY

2 7 2
o = arctan (\/F2(tan5) +F(tan B)" +-F+(tan B) > With F = AstfstPo ®)

fory=a+p<90° (7)

F(tanB)2+1 Agfs s

Compatibility equations:
— A8 siny 1) ¢

Est = (m —3)& O
_ Agazt siny N ¢

&l = (m —3)& (10)

0= -5 (11

— 2tc sinacosa

&§, = 26§ = 26 + 265 + 65, (12)

|
»
|
»

d,cotga. ‘

the ultimate state. Particular models from codes of prac-
tice based on the STA were not described in the previ-
ous literature review. In fact, such models incorporates
some simplifications to the original base model in order
to practitioners be able to compute directly the most
important key properties of RC and PC beams under tor-
sion for design, such as the cracking and resistance tor-
ques. In such models incorporated in codes of practice,
the prestressing treatment is different. For instance, in
many national bridge design codes, the influence of pre-
stressing is generally considered by adding an additional
term to the torsional strength of PC beams, accounting
for the “prestressing influence” More information about
these simplified methods, for instance the concepts of
“pressure-strain reduction” or the “prestressing influ-
ence term” to be add can be found in the literature, for
instance (Nilson 1987; Hsu 1993).

2 The GSVATM for RC Beams

To allow for the reader to understand better the changes
presented in Sect. 3, Table 1 presents the models and
summarizes the main equations from the GSVATM for

RC beams under torsion. The details about the deriva-
tion of the presented equations in Table 1 can be found
in (Bernardo et al. 2015a). From a plain truss model for
a RC thin beam element under shear V (which induces
a shear flow ¢ in the cross section) and from the VATM
for a RC box beam element (see Table 1), the GSVATM
incorporates the additional contribution of a concrete
tie, with a tensile force 7, perpendicular to the concrete
strut with a compressive force C and with an angle a to
the longitudinal axis. This angle is assumed to be equal
to the angle of cracks (see Table 1). In the RC thin beam
element under shear, the resultant force R, with an angle
B (Eq. 2) with respect to C and an angle y (Eq. 3) to the
longitudinal axis, is computed from Eq. (1). The forces C
(Eq. 4) and T (Eq. 5) are the resultants of the compressive
and tensile stress fields in concrete (o5 and oy, respec-
tively), with d, being the distance between centres of the
longitudinal bars and ¢, the width of the cross section (see
Table 1), which is assumed to be equal to the width of the
compressive and tensile concrete stress field (concrete
strut and concrete tie, respectively).
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The outer shell of a RC beam element under torsion
(box beam) can be modelled as the union of four thin
beam elements under shear equals to the referred above
(see Table 1). Bredt’s thin tube theory is used to relate
the torsional moment M7 with the circulatory shear
flow g. From this box beam element, a set of three equi-
librium equations (see Table 1) are derived to compute
the torsional moment, Mt (Eq. 6), the effective thick-
ness £, of the concrete strut and tie (Eq. 7) and the angle
a of the inclined concrete struts to the longitudinal axis
of the beam (Eq. 8). Equation (7) must be multiplied by
(—1) if y=a+p>90°. In these equations, A, is the area
enclosed by the center line of the shear flow (which is
assumed to coincides with the center line of the walls:
Ay =& —1t) (y— tc), with x and y being the minor
and major outer dimension of the rectangular section),
Po is the perimeter of the center line of the shear flow
(po = 2(x — t;) + 2(y — £)), Ag is the total area of longi-
tudinal steel, Ay is the area of one bar of the transverse
steel, s is the longitudinal spacing of the transverse rein-
forcement, f; and f;; are the stresses in the longitudinal
and transverse reinforcement, respectively.

A set of three compatibility equations (see Table 1)
are also derived to compute the strain in the transverse
reinforcement, ¢ (Eq. 9), and longitudinal reinforce-
ment, &g (Eq. 10), as well as the twist per unit length 6
(Eq. 11). An additional invariant equation which relates
the strains is also derived (Eq. 12). In these equations, &5
is the maximum compressive strain at the surface of the
strut, £{ and &5 are the average strains in the concrete tie
and strut, respectively. The strains in the concrete tie and
strut are computed considering the strain gradient due to
the bending of walls (see Table 2).

To model the behavior of the compressive concrete in
the diagonal struts, a smeared o —¢ relationship must be
adopted to consider the influence of the softening effect.
In addition, to model the behavior of the tensile concrete
in the diagonal ties and non-prestress steel bars in ten-
sion, smeared o —¢ relationships must also be adopted to
consider the influence of the stiffening effect.

From previous studies, Bernardo et al. (2012a) and Ber-
nardo and Andrade (2017), by using the VATM to pre-
dict the ultimate behavior of RC and PC beams under
torsion, found that, for concrete in compression, the o —¢
relationship proposed by Belarbi and Hsu (1994) (Eqs. 13,
14 in Table 2) with softening factors (B« = Bs = B,
both for the peak stress and corresponding strain) pro-
posed by Zhang and Hsu (1998) (Eqs. 15-18) provided
good results for the ultimate stage, namely for the resist-
ance torque and the corresponding twist. In addition,
Nobre (2014) found that, for concrete in tension, the o —¢

relationship proposed by Belarbi and Hsu (1994), modi-
fied by Jeng and Hsu (2009) and by Bernardo et al. (2013)
for RC plain and hollow beams under torsion, respec-
tively (Eqs. 19-23), provided good results for the crack-
ing torque and corresponding twist. In Table 2, f] is the
uniaxial concrete compressive strength, &, is the strain
corresponding to f/, p; is the longitudinal reinforcement
ratio (p; = Ag /A with A, = xy), p; is the transverse
reinforcement ratio (p; = Agu/Acs, with u = 2x + 2y),
Jiy and fyy are the yielding stress for the longitudinal and
transverse reinforcement, respectively, E. is the Young’s
Modulus for concrete, f, is the concrete cracking stress
and &, is the strain corresponding to fz-

The stress in the diagonal concrete strut o5 is defined
as the average stress of a non-uniform stress diagram
(Eq. 24, Table 2) due to the gradient of the strains, which
in turn occurs due to the bending of the walls (Table 2).
Similarly, the stress in the diagonal concrete tie o7 is also
defined as the average stress of a non-uniform stress dia-
gram (Eq. 27, Table 2). In Eqgs. (24) and (27), parameters
ks (Egs. 25, 26) and k{ (Eqgs. 28, 29) represent the average
compressive and tensile stresses, respectively, and can
be obtained by integrating Eqs. (13), (14) and (19), (20),
respectively.

To model the behavior of the steel bars in tension, a
smeared o —e¢ relationship must be adopted to consider
the stiffening effect. In Bernardo et al. (2012a), Bernardo
and Andrade (2017) it was also found that, for non-
prestress steel bars, the o—e relationship proposed by
Belarbi and Hsu (1994) (Egs. 30—32 in Table 2) provided
good results. In Table 2, f; and &, are the stress and strain
in the steel bars, respectively, E; is the Young’s Modulus
for steel, f, is the yielding stress of steel bars and p is the
reinforcement ratio.

The o —¢ relationships referred above and presented
in Table 2 (concrete in compression and tension, non-
prestress steel bars in tension) were incorporated in
the GSVATM (Bernardo et al. 2015a; Vaz 2014), which
proved to give good results when compared to experi-
mental data.

The solution procedure for the GSVATM, to compute
the theoretical M7—6 curve, is based on a trial-and-
error technique, since some unknowns and interdepend-
ent variables exist at the starting of the calculations. The
input value to starts the calculation procedure is the
strain at the outer fiber of the concrete strut, 5 = 2&§
(see Table 2). The details of the solution algorithm for the
GSVATM can be found in (Bernardo et al. 2015a).

The equations of the GSVATM and the solution algo-
rithm are modified in this study for PC beams.
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Table 2 o —erelationships for concrete and steel.

Concrete in compression (Belarbi and Hsu 1994; Zhang and Hsu 1998):
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Concrete in tension (Jeng and Hsu 2009; Bernardo et al. 2013, Belarbi and Hsu 1994):
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3 The GSVATM for PC Beams

3.1 Assumptions to Incorporate Prestress

Longitudinal prestress is favourable for the torsional
behavior of RC beams under torsion (Jeng et al. 2010;

Bernardo et al. 2013). The combined action of longitudi-
nal prestress and torsion induces a biaxial stress state (ini-
tial longitudinal compressive stress+ shear stress) which
increases the cracking torque of the beam. In addition,
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after concrete decompression the PC beam behaves like
a current RC beam and longitudinal prestress reinforce-
ment behaves as ordinary reinforcement, contributing to
increase the resistance torque. Concrete decompression
occurs when the strain in the non-prestress longitudinal
reinforcement, initially in compression due to prestress,
becomes zero due to the increasing torque.

To include the effect of longitudinal prestress, the fol-
lowing assumptions are made to extend the GSVATM for
PC beams under torsion:

+ The calculation of the Mr—6 curve for the pre-
decompression stage is not relevant because the
small associated part of the Mr—6 curve is per-
fectly linear. Then, it is assumed that GSVATM
will only start the calculation procedure after the
concrete decompression. This procedure is similar
to the same one assumed by Hsu and Mo (1985b)
to extend the VATM to PC beams under torsion.
This assumption allows to simplificate the solution
procedure because the strain and stress gradients
in the concrete strut and tie do not need to include
the initial compressive stress state in concrete due
to prestress. The modelling of this initial stress state
would complicate needlessly the calculation pro-
cedure for the very low loading stages (Jeng et al.
2010);

+ Related with the previous assumption, it should be
referred that the influence of long term response of
the PC beams was neglected in this study, as also
assumed by Jeng et al. (2010). In such study, the
pre-decompression response of the PC beams was
computed and the stress variation in the concrete
was only due to the incremental torsional loading.
However, it should be referred that stress variations
in the concrete decompression stage in fact exists
due to viscous effects in the concrete, in accord-
ance with the long term response of structural con-
crete structures (Price and Anderson 1992; John-
son 1994; Ascione et al. 2011; Berardi and Mancusi
2012, 2013);

+ From the referred previously, despite the initial
compressive stress state due to prestress is not
directly modelled to compute the strain and stress
states in concrete before decompression, it must
be considered to compute the initial strain in the
longitudinal prestress and non-prestress reinforce-
ment, in order to compute the strain at concrete
decompression. In addition, the torsional moment
corresponding to the tensile strength of concrete,
that is the cracking torque, must be corrected to
include the favourable effect due to prestress. This

correction is performed by using a simple prestress
factor;

o After the concrete decompression, and as for the
non-prestress reinforcement, longitudinal prestress
reinforcement participates for the longitudinal equi-
librium of the beam. Then, equilibrium equations
must incorporate the force in the prestress reinforce-
ment;

+ An additional o —e relationship for the prestress steel
reinforcement in tension must be implemented to
model the behavior of this material and compute the
stresses.

3.2 Changes in the GSVATM

To consider indirectly the influence in the non-cracked
stage (for & < g.,) of the initial compressive stress state
in the concrete due to prestress, Eq. (6) (Table 1) to com-
pute the torsional moment, M, is multiplied by a pre-
stress factor y:

2A,Rsiny
Mr =y, = (35)
v
14 1022 ifef <e
- oo tEre (36)

1 ifef > &

In Eq. (36), fep, is the initial compressive stress in
concrete due to the longitudinal prestress. This pre-
stress factor was proposed by Hsu (1984), based on
Cowan’s failure criterion. This prestress factor proved
to be a simple parameter to correct the cracking torque
due to prestress and has been used in previous ana-
lytical models for PC beams under torsion (Hsu 1984;
Lopes and Bernardo 2014; Andrade and Bernardo
2013). From Egs. (35) and (36), the maximum torsional
moment for which the prestress factor is higher than
unity corresponds to the cracking torque My, (which
occurs when &f = g). This simplified procedure to
correct the torsional moment is acceptable because in
the non-cracked stage the M7 —0 curve is linear. In this
stage, the most important key point of the M1 —6 curve
is the upper limit, with coordinates (6.;Mrcy).

For consistency, in the non-cracked stage, the twists
6 must also be multiplied by y,, in order to maintain
unchanged the torsional stiffness in this stage. Then,
Eq. (11) (Table 1) must also be corrected:
€35

0 (37)

=Yoo .
pZtC sin o cos o
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To account for the initial deformation due to pre-
stress, after the concrete decompression, the strain in
the longitudinal prestress reinforcement, ¢,, can be cal-
culated as follows:

Ep = Edec T+ &gl (38)

where ¢4, = decompression strain; &= strain in the lon-
gitudinal non-prestress reinforcement due to the external
torque.

The decompression strain g4, is the sum of the ini-
tial tensile strain in the prestress reinforcement due to
prestress, &, with the strain in the longitudinal non-
prestress reinforcement necessary to reach the decom-
pression (Eq. 39). This last one is equal, in modulus, to
the initial compressive strain in the longitudinal non-
prestress reinforcement due to prestress, gg,;. It should
be referred that when concrete decompression occurs,
&g = 0

Edec = Ep,i + Esli (39)

By using Hooke’s law and based on the homoge-
nized cross section, the initial strains are computed as
follows:

i

Epi = E, (40)

_ Aplpi
Ag(Es — Ec) + (Ac —Ap— Ap)Ec

(41)

Esl i

where f,,;=initial stress in the prestress reinforcement,
due to prestress; E,=Young’s Modulus for prestress
steel; A,=total area of longitudinal prestress reinforce-
ment; Ap=area of the hollow part for hollow sections
(for plain sections, Ay, = 0).

Since the calculation procedure of the GSVATM starts
at concrete decompression (¢ = 0), Egs. (9, 10) (Table 1)
remain valid to compute the strains in the longitudinal
and transverse non-prestress reinforcement.

To start the calculation procedure (Sect. 3.3), the input
value is the strain at the outer fiber of the concrete strut,
g5, = 2¢5 (see Table 2). Since the calculation procedure
starts at concrete decompression, &5, must starts from
zero.

After the concrete decompression, PC beams behaves
as RC beams. Then, the participation of the longitudi-
nal prestress reinforcement must be considered for the
longitudinal equilibrium. For this, Eq. (7) (Table 1), to
compute the effective width of the concrete strut and tie,
must include the force in the longitudinal prestress rein-
forcement, A,f:

P Aslfsl +Apfij COS/g for '}/ —« + ‘3 < 900
¢ O5Po Cos & COS Y -

(42)

Parameter F in Eq. (8) (Table 1), to compute the angle

of the concrete strut to the longitudinal axis, must also

include the force in the longitudinal prestress reinforce-
ment, Apfy:

V/F2(tan B)? + F(tan B)* + F + (tan B)2
o = arctan
F(tan B)% +1 @)

Astfstpo
(Astf + Apfp)s

To characterize the behavior of the materials, the
same o —¢ relationships assumed in the GSVATM for
RC beams (Bernardo et al. 2015a) are also used here.
However, for concrete in compression, parameter 7
(Eq. (16), Table 2), which accounts for the ratio between
the longitudinal and transverse resistance forces in the
reinforcements, must be rewritten to account for the
additional resistance force of the longitudinal prestress
reinforcement:

with F =

y = otfsty + Ppfpo.1%

ptfsty (44

where p,=longitudinal prestress reinforcement ratio
(op = Ap/Ac);  fpoa%=proportional conventional limit
stress to 0.1% for the longitudinal prestressing steel.

To model the behavior of the prestress steel reinforce-
ment in tension, a o —¢ relationship must be adopted.
Bernardo and Andrade (2017) found that the o —¢ rela-
tionship for prestress reinforcement in tension proposed
by Ramberg—Osgood (Egs. 33, 34, Table 2), which was
also used by Hsu and Mo (1985b) for the VATM, provides
good results. This o —e¢ relationship is also adopted for
this study. In Table 2, f, and ¢, are the stress and strain
in the prestress steel reinforcement, respectively, E, is the
Young’s Modulus for prestressing steel, £,0.1% is the strain
corresponding to fy0.1% and fy is the tensile strength of
prestress steel reinforcement.

3.3 Solution Procedure

As for the GSVATM for RC beams (Bernardo et al.
2015a), the solution procedure for the GSVATM for PC
beams to compute the theoretical M1—6 curve is based
on a trial-and-error technique. This is because some
unknown and interdependent variables must be assumed
or estimated at the starting of the calculations. Figure 1
shows the flowchart for the iterative calculation algo-
rithm used in this study. The first input value to starts
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Fig. 1 Flowchart to compute the My —6 curve with GSVATM for PC
beams.

the calculation procedure, which is incremented for each
new cycle, is the strain at the outer fiber of the concrete
struts &5.. Each cycle of the solution procedure corre-
sponds to a solution point of the M1 —6 curve, with coor-
dinates (0; Mr).

The end point of the theoretical M1—6 curve corre-
sponds to the theoretical failure of the PC beam under
torsion. This one occurs when the maximum compressive

strain at the outer fiber of the concrete strut, £, reaches
its conventional ultimate value. &.,, or when the tensile
strain for the reinforcements, &5 or &, reaches its conven-
tional ultimate value, &g, or &,,. In this study, these con-
ventional values are defined from Eurocode 2 procedures
(NP EN 1992-1-1 1992).

In this study, the solution procedure was implemented
with computing language Delphi. The resulting computer
program was used to compute the Mr1—6 curve of sev-
eral reference PC beams under torsion, as presented in
Sect. 4.

4 Comparative Analysis with Experimental Results
and Codes of Practice

In this section, the theoretical results obtained from
the GSVATM for PC beams are compared with the
experimental results from reference PC beams found in
the literature and also with the predictions from some
codes of practice which uses simplified methods to
account for the influence of prestressing, as referred in
the end of Sect. 1. The objective is to check the degree
of accuracy of the GSVATM, when compared with
experimental results and also with the predictions of
simplified models for design, such as the ones incorpo-
rated in the codes of practice. The comparative analy-
sis is performed by comparing some key points of the
experimental and theoretical M7—60 curves, namely the
cracking torque (0.; Mr,) and ultimate (maximum)
torque (6,; T,), as also performed in previous studies
(Jeng and Hsu 2009; Bernardo et al. 2015a). These key
points allow to check if the extended GSVATM pro-
vides good predictions for the low and high loading
stages.

The following reference codes of practice are consid-
ered: American code ACI 318R-14 (ACI Committee 318
2014), European Codes MC 10 (CEB-FIP MODEL 2010)
and EC 2 (NP EN 1992-1-1 1992), and Canadian Stand-
ard CAN3-A23.3-14 (CSA Standard 2014).

For the comparative analysis with experimental data,
twenty-nine PC beams (with longitudinal and uniform
prestress) with rectangular cross section and tested under
torsion were collected from previous studies, namely:
Mitchell and Collins (1974), El-Degwy and McMullen
(1985), Hsu and Mo (1985b), Wafa et al. (1995) and Ber-
nardo et al. (2013). However, not all the collected beams
can be considered trustworthy for the comparative anal-
ysis focused on their global behavior (not only for the
resistance torque). In general, in experimental studies the
authors present the average twist for all the beam length
and not the twist at the critical zone of the beam. In slen-
der beams, the theoretical twists, usually computed from
a section analysis, can be very different when compared
with the experimental twists. When compared with the
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theoretical results from the GSVATM, the PC beams
from Wafa et al. (1995) show very different values for
the twists for all the loading stages, despite good agree-
ment is observed for the torsional moments. This prob-
ably explains why some authors did not consider these
PC beams in their comparative analysis, for instance Jeng
et al. (2010). For this reason, in this study the PC beams
from Wafa et al. (1995) will not be used for comparative
analysis with respect to the twists, but only with the tor-
sional moments.

Table 3 presents the main properties of the 29 refer-
ence PC beams, which are need to compute the Mr—6
curves from the GSVATM, namely: the width (x) and
height (y) of the cross section, the thickness of the walls
(¢) for hollow sections, the total area of longitudinal non-
prestress reinforcement (Ag), the distributed area of one
unit of the transverse reinforcement (Ag /s, with Ay the
area for one bar of the transverse reinforcement and s
the longitudinal spacing between hoops), the total area
of longitudinal prestress reinforcement (A,), the longi-
tudinal non-prestress reinforcement ratio (o; = Ag/xy),
the transversal reinforcement ratio (o; = Ag:uu/Acs, with
u=x+y and A = xy), the longitudinal prestress rein-
forcement ratio (o, = Ap/xy), the average concrete
compressive strength ( fz), the average yielding stress for
non-prestress longitudinal and transverse reinforcement
(fsty and fyy), the proportional conventional limit stress
to 0.1% of the prestress reinforcement ( f,0.1%), the initial
stress in the prestress reinforcement ( f,,;) and in the con-
crete ( fzp) due to prestress.

Some of the properties for the materials are usually not
given by the authors, namely the average Young’s Modu-
lus for steel reinforcement and concrete (E, E, and E.).
For concrete, the Young’s Modulus was computed from
Eurocode 2 (NP EN 1992-1-1 1992) based on the corre-
lation with f;. For non-prestress steel reinforcement the
Young’s Modulus was considered equal to 200 GPa (NP
EN 1992-1-1 1992). For prestress steel reinforcement
the Young’s Modulus was considered to be in the range
190-200 GPa, depending on the solution used for this
reinforcement (NP EN 1992-1-1 1992).

For the reference PC beams, Table 4 presents the
experimental and theoretical values of the cracking
torque (Mrerexp and My ), ultimate (maximum)
torque (Mryexp and My, ) and corresponding twists
(OTcr,exps OTcr,ths OTuexps OTu, ). Table 5 also presents the
ratios MTcr,exp/ Mrerth, M Tu,exp/ Mry,ths 9Tcr,exp/ O7cr th
and O7y,exp/O7u,th, as well as the corresponding average
values (x), sample standard deviations (s) and coefficients
of variation (cv). As previously referred, the experimen-
tal results for the reference PC beams from Wafa et al.
(1995) are only compared with respect to the torsional
moments.

Table 4 shows that the theoretical cracking torques
(Mrcr) are very close to the experimental ones (x = 1.02).
The degree of dispersion of the results is quite accept-
able (cv = 10.3%). The cracking twists (07c) are under-
estimated (x = 1.60) and the dispersion of the results is
higher (cv = 30.6%). These last results can probably be
attributed to the very low values of the twists at this stage,
which can lead to a larger variability of the experimental
results due to the limitation of the transducers accuracy.

The results in Table 4 also show that the theoretical
model predict very well the ultimate torque (M) for the
PC beams (x = 0.98), with a low degree of dispersion of
the results (cv = 8.8%). For the twist corresponding to
the ultimate torque (07;), Table 5 shows that, in general,
the theoretical model seems to slightly underestimate
this parameter (x = 1.10). The results also show higher
dispersion (cv = 20.3%). Ultimate deformations are usu-
ally predicted with less accuracy by theoretical models
due to the complex nonlinear behavior of RC members at
the ultimate stage. This is also true for RC and PC beams
under torsion, as observed in previous studies (Jeng and
Hsu 2009; Bernardo et al. 2012b, 2015a; Jeng et al. 2010).

Since the cracking and ultimate twists are not very
relevant for design purpose, the less positive results
observed for these parameters can be considered not
very important.

Figure 2 presents the experimental and theoretical
M1 —0 curves for some reference PC beams analyzed in
this study, as examples. Figure 2 shows that the global
behavior of the PC beams under torsion is generally well
captured by the GSVATM for PC beams, including the
transition from the non-cracked stage to the cracked
stage. It is also observed that the theoretical Mr—6
curves end prematurely when compared to the experi-
mental ones. This is due to the assumed criteria to stop
the calculation procedure (Sect. 3.3). As for the GSVATM
for RC beams (Bernardo et al. 2015a), the M1 —6 curves
in Fig. 2 show a descending branch immediately after the
cracking torque, which is not experimentally observed.
This behavior is related with the shape of the smeared
o —e relationship for the concrete in tension (see Table 2)
after the peak stress (which corresponds to the crack-
ing torque). A detailed discussion on this subject can be
found in (Bernardo et al. 2015a). It should be referred
that this behavior was also observed by Jeng et al. (2010)
with the SMMT (GSVATM incorporates the same o —¢
relationship for the tensile concrete).

For the same reference PC beams listed in Table 4,
Table 5 presents the normative values of the cracking
torque (Mrr,,) and ultimate (maximum) torque (Mry,,).
For the cracking torque, only ACI 318R-14 (ACI Com-
mittee 318 2014) presents a specific equation for its cal-
culation. For the corresponding twists to Mt and My,
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Table 5 Comparative analysis for the cracking and ultimate torques—codes of practice.

Beam ACI 318R-14 (ACI Committee 318 2014) MC 10 (CEB-FIP EC2 (NP EN 1992-1-1 CAN3-A23.3-14
MODEL 2010) 1992) (CSA Standard
2014)

Mrcrn Moo Mryy,n Mruew  Mryn Mruew  Mryn Miuew — Mryn Mru.exp

(kN m) Mtern (kN m) Mrun (kN m) M1y, (kN m) Mtun (kN m) Mtun
P2 (Jeng et al. 2010) 137.18 042 68.11 1.28 111.28 0.78 11213 0.78 142.08 0613
P3 (Jeng et al. 2010) 88.74 0.46 46.26 1.21 100.27 0.56 5441 1.03 68.95 0.809
P8 (Hsu and Mo 1985b) 75.08 0.60 30.86 2.00 36.60 1.69 116.31 0.53 64.67 0.956
D1 (Bernardo et al. 2015¢) 502.16 034 505.64 0.78 73046 0.54 594.78 067 753.65 0.525
D2 (Bernardo et al. 2015¢) 51556 036 548.28 0.82 612.36 0.73 644.94 0.69 817.21 0.548
PA1R (Bernardo et al. 2013) 30.55 0.61 18.23 1.20 20.28 1.07 21.45 1.02 2718 0.802
PA2 (Bernardo et al. 2013) 35.00 0.65 19.22 152 2341 1.25 37.72 0.78 47.79 0613
PA3 (Bernardo et al. 2013) 38.33 0.65 19.18 1.77 21.26 1.60 5217 0.65 46.65 0.729
PA4 (Bernardo et al. 2013) 4365 0.60 19.27 1.94 2132 1.75 71.68 0.52 47.09 0.794

B1 (Bernardo et al. 2013) 28.70 057 17.01 1.31 23.05 0.96 20.01 .11 25.36 0.876

PB2 (Bernardo et al. 2013) 3233 0.58 16.54 1.66 25.84 1.06 34.95 0.79 4212 0.653
PB3 (Bernardo et al. 2013) 3641 0.60 17.30 1.88 24.10 135 47.06 0.69 43.91 0.742
PB4 (Bernardo et al. 2013) 41.30 0.58 17.30 217 23.82 158 67.25 0.56 43.91 0.856
PC1 (Bernardo et al. 2013) 25.83 0.54 1473 1.34 22.10 0.89 17.33 1.14 21.96 0.897
PC2 (Bernardo et al. 2013) 29.87 0.58 13.93 2.05 2567 .11 30.12 0.95 35.21 0.812
PC3 (Bernardo et al. 2013) 3272 0.57 14.13 232 23.09 142 41.22 0.80 34.17 0.960
PC4 (Bernardo et al. 2013) 3740 0.58 14.27 271 23.33 1.66 57.54 0.67 34.83 1111
H3AR (Jeng 2015) 4748 0.48 43.09 0.78 33.03 1.02 50.69 0.66 64.23 0.525
H2A (Jeng 2015) 51.12 0.30 51.86 0.69 3345 1.07 61.00 0.59 7729 0463
HTAR (Jeng 2015) 48.96 0.65 55.28 0.69 29.72 1.29 65.03 0.59 82.39 0.466
H3B (Jeng 2015) 37.37 0.55 24.04 1.10 3213 0.82 2828 093 35.84 0.737
H2B (Jeng 2015) 41.14 0.66 27.06 1.09 31.83 0.93 31.83 0.93 40.33 0.732
H1B (Jeng 2015) 4242 0.70 29.95 1.05 2745 1.14 35.23 0.89 44.64 0.701
M3A (Jeng 2015) 39.85 049 43.09 0.70 27.75 1.08 50.69 0.59 57.79 0.519
M2A (Jeng 2015) 41.60 0.65 49.19 0.65 27.08 1.18 57.86 0.55 64.37 0.496
M1A (Jeng 2015) 4496 0.70 55.27 0.64 2513 141 65.02 0.54 7252 0488
M3B (Jeng 2015) 31.94 057 24.05 1.03 26.98 0.92 28.28 0.87 35.84 0.689
M2B (Jeng 2015) 34.11 0.77 27.06 097 26.08 1.00 31.83 0.82 40.33 0.650
M1B (Jeng 2015) 36.07 074 29.95 0.96 23.88 1.21 3523 0.82 44.64 0.647

x=0.59 X=117 X=113 x=0.77 x=0.68

s=0.12 $s=0.63 s=0.22 s=0.18 s=0.19

cv=20% cv=>54% cv=20% cv=23% cv=28%

none of the studied codes of practice present equations.
Table 5 also presents the ratios Mrerexp/Mrer,n and
Myexp/Mtun, as well as the corresponding and same
statistical parameters presented in Table 4.

When compared with Table 4, the results from Table 5
show that the extended GSVATM fo PC beams provides
much better estimates for the cracking torque when com-
pared with ACI 318R-14 (ACI Committee 318 2014), and
with lower dispersion of the results. The cracking torques
from the ACI code are overestimated. For the ultimate
(maximum torque), both ACI 318R-14 (ACI Committee

318 2014) and MC 10 (CEB-FIP MODEL 2010) codes
slightly underestimate this important parameter for
design, with higher dispersion of the results (mainly for
the ACI code). Both EC 2 (NP EN 1992-1-1 1992) and
CAN3-A23.3-14 (CSA Standard 2014) codes appreciably
overestimate the ultimate torque, again with higher dis-
persion of the results. In general, it can be stated that the
extended GSVATM for PC beams provides better esti-
mates for the ultimate torque and with much lower dis-
persion of the results.
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Fig. 2 Mr—0 curves for some reference PC beams.
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5 Conclusions

In this study, the GSVATM previously proposed and
validated for RC beams under torsion was extended in
order to cover PC beams with longitudinal and uniform
prestress, with both rectangular plain or hollow sec-
tion. For this, the influence of prestressing was mod-
elled in order to account for the initial stress state due
to prestress. In addition, the contribution of the pre-
stress reinforcement was accounted by incorporating
into the GSVATM the contribution of the tensile o—¢
relationship of prestress steel. A new calculation pro-
cedure was presented to compute the solution points of

the theoretical M1 —6 curves por PC beams, including
for low loading stages.

Based on a comparative analysis with the experi-
mental results of twenty-nine PC beams under torsion
found in the literature, the following conclusions can be
drawn:

« It was shown that the predictions from the GSVATM
compare very well with the cracking torque and rea-
sonably with the corresponding twist. In general, the
transition from the non-cracked stage to the cracked
stage is well predicted. These observations show that
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the assumptions of GSVATM to model the influ-
ence of the initial stress state due to prestress are
valid, despite pre-decompression concrete stage was
not computed neither the influence of long term
response was considered;

o It was also shown that the predictions from the
GSVATM compare very well with the ultimate
(resistance) torque and, again, reasonably with the
corresponding twist. This observation shows that
the assumptions of GSVATM to model the contribu-
tion of the prestress reinforcement for the torsional
strength, namely the used tensile o—¢ relationship for
prestress steel, are also valid;

+ In addition, good agreement were also observed for
the torsional stiffness, for the non-cracked stage and
also the cracked stage for high loading levels.

In addition, when compared with the predictions of
some codes of practice, namely for the cracking and ulti-
mate torque, it was shown that the estimates from the
GSVATM are in general more accurate.

The GSVATM extended for PC beams constitutes a
contribution to generalize the Space-Truss Analogy for
structural concrete members. This theoretical model
can also be considered theoretically consistent because it
is based on one single and generalized theory (VATM).
Moreover, GSVATM can be used as a practical tool to
help practitioners to optimize the design of PC beams
under torsion.
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